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Radiation

Lecture V
3.1. Dirac perturbation theory
3.2. Discrete systems
Radlo Microwave Infrared Visible Ultrawolet X-ray Gamma ray
« The hydrogen atom 107 10°  05x10°° 107 107
- Fine structure q"@‘ * % &
» Hyperfine structure
* Multlple electrons Buildings Humans Butterfies Needle Point Protozoans Molecules  Atoms  Atomic Nuclei

Molecules M
10* 10° | 102 1 llolf’ bt~ o 0 4)
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Motivation

 Fundamentals
* Interaction of the electromagnetic free-field with matter

« Diagnostics
« Radiation is our only way to obtain information from astrophysical systems
* Imprint of the properties of the interstellar matter on the photon field
« All analysis in this lecture is based on inverting the radiative transfer problem

* Energy Balance
« Radiative contributions A,I' dominate the energy balance in many regions
« Emission and absorption needs to be understood

The Physics and Chemistry of the Interstellar Medium,



Basic Physics

* Dirac Perturbation Theory
- Atomic system with Hamiltonian H?, and eigenstates |a,;)
 Eigenvalues : E, 4,
* Free photon field with eigenstates |n;) corresponding to n; photons of wavelength A
« Eigenvalues

X he 2 -
t‘FfC(”'r\’e.(g\ > ;»—;LH/\.Z h(d’lh w:ZTL’I
* Total Hamiltonian A /\>‘ A
HY =% t Hy
at Free-Teeld
 with eigenstates
Ia) = \%Q)V')\

* Interaction H;
« As perturbation term  H; < H°

The Physics and Chemistry of the Interstellar Medium,



Dirac Perturbation theory

* Interaction
» Transition from state |a) to state |a’) determined by Fermi’s Golden Rule:

X )(a’ll—t;la)( (&, - E)

Wa o : Transition probability E,, E,, : Eigenvalues of unperturbed
§ : function from energy conservation system given by Hamiltonian A°

- Computation of interaction matrix (a’|H;|a)

« Through Maxwell equations
» Without prove here (see QM II)

The Physics and Chemistry of the Interstellar Medium,



Interaction matrix
o S e [ b =
_{na_r4‘ ( |H|) Zh—— 2Lo€, pr,-[—

{ n *"(“ae'Pf‘k"l%}(" I, + 1) 1
‘*F( ‘pc “‘¢80an0\>\+ 1)

with @ = 21> = c|k|

Change of the free field characterized by the change of the photon number:

' ("’l,'1|n,1 + 1)—= §5(ny —[n,; +1]) : ny mustincrease by 1 — emission
l (nf +1|ny) =6([n) + 1| —ny) : ny mustdecrease by 1 — absorption

Fermi condition & (Ea — Ear) requires that energy of atomic system changes in opposite
way:

Va,af - Ea« at Lha o Energy conservation

The Physics and Chemistry of the Interstellar Medium,



Interaction matrix

« Transition strength
« Strength of the coupling given by electromagnetic interaction term miﬁ : l:fp,ww
at

+ 2§ = e# = charge momentum of the atomic system

Mq
t coupling to the photon electric field

« Apart from the energy conservation rule, only the properties of the atomic system determine
the transition probabilities
— Selection rules

*222

P
- Consider series expansion: otk = 1171?:--%’{-’-.”
. Int tion t . / e o Lik? _(l’ 'f'( ,>(_~.;;
nteraction terms: \ag; m_atpe Aqt) = qab er| Qs pt /8 ek ]-)ﬂr ‘aﬁf — .

Aufspaltung in symmetrischen und antisymmetrischen Anteil

The Physics and Chemistry of the Interstellar Medium,



Selection rules
aat>
* Interpretation:

« er must change between |a,;), |a,.) to provide a non-zero expectation value
c e £0

Charge accelerated/decelerated — trivial knowledge confirmed

Change must happen resonantly for states |a,;), |ay) — frequency w;

Precondition: Dipole moment d = e must exist
* Dipole transition:

N
er

 First order term <a;t

<a&t e7é| aat> ~d -

* Next terms:
e (F X ?) =M = magnetic moment — magnetic dipole transition

-

e, = electric quadrupole ...

The Physics and Chemistry of the Interstellar Medium,



Transition probability
« Combine everything for dipole transition and emission case:

2w?

aa' = 3hc3e |<da,a’)|2(1 +ny)
A

w

« Express in terms of Einstein coefficients:

« Spontaneous emission: Ag gt =Wy ar(my =0) X % = —-5‘9-; lda ‘{2
e Fhce) 4
.. w_ 1(ny;—1)
« Induced emission: Boo = “'“un)‘ X T
 with radiative energy density
U, = | 1,dQ ~
4T ) .

e I1,,: intensity

The Physics and Chemistry of the Interstellar Medium,



Einstein coefficients

2w? 2
* Wa,a' = ZA 3hc3eg |<da,a'>| (1+ n/l)
3
- Spontaneous emission: Aga! = Waa(my = 0) X == —— |dg o’
0
. Waa’(nl_l) w
* Induced emission: Byg =— " X
e

« using the photon density: ﬂ) = Ef:s Ueo

* Result; -B ¢ 2 ‘-E?A, «= s M: |L
; ad ~ hﬁa o T 3pre !

The Physics and Chemistry of the Interstellar Medium,



Einstein coefficients
« Absorption case:

2 2
Waa = 3fl6(f)360|< aa)l (ny)
» Analogously: Iz
2.
Bl 51'2( O‘aal &ﬂ’d”all

» With dipole moment of inverse transition

 Higher moments:

(J,’

. . L
. Magnetlc dlp0|e A'a a( = 3 [
\ C.

« Electric quadrupole Aa (= —w; ‘

The Physics and Chemistry of the Interstellar Medium,



Einstein coefficients

* No assumptions were made about the atomic system!
* Only requirements:
- Energy conservation  §(E, — E,/)
- Selection rules=Harmonic variation of ldaa'| [ Maa| |Qaa]
» Einstein notation valid for any interaction of radiation with matter!
» Representation of the solution of the Dirac equation
« Can be used for all radiative processes in the ISM
« Atoms
* Molecules
 Plasma
e Dust

« Start: discrete systems

The Physics and Chemistry of the Interstellar Medium,



Discrete systems

Basic atomic physics:

The H-atom
» Simple problem: p + e- _ ?
* Pure Coulomb problem: ﬁ = 2%: - é;?éj‘:g W\c A
- 1336
« With reduced mass m.= r::«mr:l ; Z = charge for more general
case of multiple protons
« Solution has eigenvalues E== f::—: n = main quantum number

Al er\¢
« With Rydberg constant ?‘ = Z ( l;’ &) mr% 13 coS eV
)

The Physics and Chemistry of the Interstellar Medium,



Basics of spectroscopy

Repetition of basic atomic physics

The H-atom
* Orbits: Solution of the full spatial problem

* Provides in total 3 quantum numbers: n,[,m
« [ = orbital quantum number [ =0, ..,n—1
* my; = projection of [ on z-axis: m; = —I, ...,
« Corresponding eigenvector: |n, [, m;) |

* Energy levels n are degenerate with n
respect to [ and m,

» Level of degeneracy = statistical weight of

energy level
n=101=0m =0 -»g=1
T n = 2.l=0,ml=
» 0 - lf1;m1=~l,0,l—>gf1+3=4
> n=3:1=01.2, S5g=9

The Physics and Chemistry of the Interstellar Medium,
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Basics of spectroscopy

Repetition of basic atomic physics
1=0 =1 =2 =3 =4
* The H-atom T —— e —

- By = (-2OR(2 - ”>

-
o

 Possible transitions
 from level nton’

Energy above ground state (eV)

O = N W AR N N 0O

The Physics and Chemistry of the Interstellar Medium,



Basics of spectroscopy

8

Repetition of basic atomic ph = e e
. 100000 ! a5 T §§§ S8 e 2.3
* The H-atom (Z=1) ; | Eooda I8Y T g
: (R E L pe -
: i : ERERE
e Possible transitions R [ ‘ : FACE §| Pm;:n Lo i tmphreys, s
- from level n to n’ Senan & pres 2
Téi deare B Balmer
_ 1 1 5, 60000/ _J.-J_J-J-.J‘_Ij —7.[.[_
AE = —R (ﬁ — m) E ' lLylmlurl- R %
2 L0000 H 1 B
 Gives series for different n' S Hringey o
e n' =1 - ‘,
n’ =1 -Lyman el E {247
« n' =2 -Balmer |
« n' =3 - Paschen § .
0 |-~ L. e :
« n’ =4 - Bracket
« n' =5 -Pfund Fig. 13.[ Grotrian\diagrams for H, Hel, Hell, C1I, CII, CIV, O, O1I, O lII, NI, Mg I, Mg IL.

The Physics and Chemist

Cal, Call, Fel, and Fe Il (Alter Moore and MERRILL, 1968)
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Fine structure

The electron spin
« Adds spin system |s,m;) with s = 1/2

Provides additional coupling term between orbital momentum and spin
e ( 19 (2)e* \a2

A
Flpee = _—5 —
F$™2m2 2 \| +Oranelil/®

Solution has eigenvalues

2950+ 1\ <08« 1) —s(5<1)
Ers = R 3T 00 ¢ 1) (20 )

j = total angular momentum fromj=1+3 - j=1l—s,..,l+s

e? 1 .
N — ~ Sommerfeld fine structure constant
4meghc 137

M. Rollig The Physics and Chemistry of the Interstellar Medium, 17



Fine structure

The electron spin
» Fine structure energies are scaled by a* relative to main level energies

* H-atom I=172
« Nosplitforn=1,l=0,s =1/2 because
I J= 1!2‘

~
[l
(W8]
e
-2

-

I
—_

j = 1/2 independent of m

- Firstsplitforn=12,1=1,s ==

2
-j=1/2,3/2
AEps = 4.53 x 10™°eV
= 109 GHz
» Radio frequency range

* Requires n = 2 excitation:
10.2 eV =120 000 K

» Not directly observable due
to other splits

Pt

2
[

av,

Y Y Y
1
= |—

fine structure splitting

N

~
pd

)
Qo
S
S

hyperfine structure splitting

73
[
I

J=1/2

I
& |-
-

:
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Basics of spectroscopy: Notation

Spectroscopy notation
25+1£§P>
4

[ encrypted in letters

. 0=s4=p2=d3=[4=45z=h,..
» p=parity

 Blank for parity=even, o for parity = odd

« Characterizes whether wave function changes sign under reflection of all electron

positions through the origin. P

« Examples:
* “s;,,= ground state
* “p12, “p3,= first excited state (Balmer level) + ?.S,/?. h=2

The Physics and Chemistry of the Interstellar Medium,



Hyperfine splitting

The nuclear spin

* Adds nuclear spin system |i,m;) withi = 1/2 for every nucleon

Treatment equivalent to fine-structure splitting
>

New operator: f >5+ ¢ and corresponding quantum number f
« f = total angular momentum from - j —i,..,j +1i

Eigenvalues of hyperfine coupling
me\ L, Z*f(f+1D)—jG+1)—ii+1)
EHF =gy |\ — | R 3 . .
my, n jG+1D2j+1)
* Hyperfine splitting typically lower than fine-structure splitting by factor m,/m,
* gy — Landé-g-factor of the core

Spectroscopic notation: explicit writing of f

The Physics and Chemistry of the Interstellar Medium,



Hyperfine structure splitting

: I=1/2
Hyperfine structure ., rer
* H-atom ; % /=3 F=1 I
=2,%p @ o
- forn =1 (ground state [ = 0): 2s;/,:F =150 *—=— §,_,, F=I £
» can be observed for “cold hydrogen” = #=9 I é
= 5
=
; =1-0 g
F=1 §
=1,2 J=1/2 -
n=1,°5 -0 II

famous 21cm line = 1.42GHz
allows for mapping of the Milky Way

magnetic dipole transition — forbidden

= —15,-1 :: ‘9»:‘
A=29x10"%s"t (F=1->F=0)
t=10"a




Hyperfine structure splitting

Hyperfine structure
* H-atom

« forn =1 (ground state [ = 0):
251/2:F — 1 — O

 can be observed for “cold hydrogen”

« allows for mapping of
neutral interstellar gas

1958 Oort, Kerr, Westerhout :
The galactic system as a spiral nebula



For an allowed electric-dipole transition, the spontaneous
emission rate scales with the transition frequency as:

A) AXw A
B) A x w?
C) Ax w3
D) Axw®

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

ID = roellig@iap.uni-frankfurt.de
7 Teilnehmer / Umfrage geschlossen
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Ignoring electron spin, what is the statistical weight
g of the n = 4 level of atomic hydrogen?
OV 1) ,
A) 4 6“‘//\‘\ ’O\A:l/‘
B) 8 L’

C) 16 w™
D) 32 .\
7/Q,
[~ e o] :
0.0 0.5 1.0 1.5 2.0 2.5 3.0 35 4.0

ID = roellig@iap.uni-frankfurt.de
5 Teilnehmer / Umfrage geschlossen
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Kurze Frage... [5]

The 21 cm hyperfine line of atomic hydrogen has an !?
extraordinarily long radiative lifetime (~ 107 yr). The main reason is: E

A) The energy gap is too small compared to typical
thermal energies.

B) It is a magnetic-dipole transition — both levels are
28,2, SO it is electric-dipole forbidden (ai =0, same
parity).

C) The upper state F =1 is not appreciably populated
in cold neutral gas.

D) Hyperfine transitions violate conservation of total D
angular momentum.

o
—
N
w
S
w

ID = roellig@iap.uni-frankfurt.de
7 Teilnehmer / Umfrage geschlossen
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Multiple electrons

« Arrangement in subshells with increasing energy level
= increasing main and orbital quantum numbers n, ¢
degeneracy through m, — number of electrons that can populate subshell

« Example: C*= 1s225%2p"
» 3 subshells occupied
* Closed shells: Sum of orbital momenta and spins always = 0
* No contribution to radiative interaction
« Can be ignored
« 3" subshell is open
- can take 6 electrons: m; = -(,0,1 mg = -1/2,7/2.

« dominates radiative interaction as only electrons in open shell need to be
considered

The Physics and Chemistry of the Interstellar Medium,



Multiple electrons

« Coupling between different electrons
» Provides additional term to Hamiltonian
* No analytic solution
« Approximation through Russell-Saunders coupling
* Inter-electron coupling stronger than spin-orbit coupling
* Individual orbital momentums and spins add up Z( L ¢ fg .5
J=T+3%
 Remember: approximation only — L,S are no “good” quantum numbers
« Different approximation for heavy elements (j —j coupling) Fc\ 4 o, Ni

(4

« Spectroscopic notation:
 capital letters for sum over multiple electrons in open shell
« explicit writing of F for sum of total angular momentum including nuclear spin

The Physics and Chemistry of the Interstellar Medium,



Multiple electrons

Astrophysically relevant subterms
« Remember H-atom: 25+1lJ§p)
« Equivalently for multi-electron atoms Zs 1"4?)

« Capital letter for sum over multiple electrons in open shell
« 25 4+ 1 = “multiplicity” = statistical weight of the state without fine structure

Ground Terms T: nf \’%‘:l‘“
configuration  (in order of increasing energy) Examples :Y . 6\"&"

1 2 ] I (\f
..n8 S1/2 (HI, HeIL)CIV, NV, O VI — \ga‘
plO "So Hel, CII,NIV,0V m -‘m\sf‘
..np’ Praarn ¥ CILNIIL OIV -

..np* 3Po.1.2, D2, 1So ¢ CI,NIL OIIL, Ne V, STI - . ¥
..np> 4Sg/2+2Ds/as/ar Prja,a2 NI OILNelV, SII, ArIV cy

..np* 3P2.1,0, D2, 'So OI, Nelll, Mg V, ArIII

..np° *P3r2.1/2 NeII, Nalll, Mg IV, Ar1V

..np° 'So Nel, Nall, MgIII, ArITI
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Multiple electrons
(A §stE Jes

Russell-Saunders coupling wt Leohl L € Mﬂ,’\s\&}}‘;\,rs
 Solution
* “Hund rules”: 1) higher S — lower energies
2) higher L — lower energies
3) lower J and shell < half-full — lower energies
hell > half-full — higher energies

° Example C+ — 1322822p1 Ge en Sle hier eine Formel ein.

« 2pelectronhasS=1/2,L=1
- givesJ =1/2, (my=-=1/2,1/2)
or J =3/2, (my=-3/2(-1/7 1/p , 3/2)= 2-level system

« Only 3@ Hund rule applies 2"
AE = 7.86meV Psja g =14
= 1900.536GHz AE~ 3l k
= 157.7um
« Equivalent for N**: AE = 57um - Py g =2
————

M. Rollig The Physics and Chemistry of the Interstellar Medium, 29



Hyperfine structure in atoms

Hyperfine structure

» Superimposed if nuclear spin does not sum up to 0
« Example: 13C+

« [ =1/2combines with]=1/2t0F =0 (mp=0) or F=1 (my=-1,0,1)
with ] =3/2to F =1 (mp = -1,0,1) or F =2(mz = —2,-1,0,1,2)
« C+ levels split up

“hoFe2 17"

- 3
-
2?;/ LG t. S
« 2
Line Statistical Weight Frequency Vel offset  Relative
Gu gi v dvpo,p  intensity
(GHz) (kms™") SF ot 2 -~
120401 2p, 2 _ * * [} ‘f’: , = g
['2C 1] 2P3/2-P 2 4 2 1900.5369 0 )/ 7
BCulF=2-1 5 3 1900.4661 +11.2 0.625 + ! 2\
PCculF=1-0 3 1 1900.9500 —-65.2 0.250 - -
BCulF=1-1 3 3 1900.1360 +63.2 0.125 Z'P,f/ '|"-,O ( S‘ 1
2

» 3 possible transitions, F=2—0 is forbidden (F = 0 «+» F = 0)
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[13CIl] Observations

60 e
— MonR2 Pos 1 [ MonR2 os 2 N B N B
el 1 I =
[ p 0 HR [c]
wof } - i
€ | E
£ 20 - + . E

[c!|] [13cu|] F=2-1

) 20
-50 0 50 50 .
Velocity (km/s) Velocity (km/s) Velocity (km/s) S

Guevara et al. 2020
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Multiple electrons in one subshell

Combination of states

- Example: N*=15%2* 2p*

« Combination of two electrons with s=1/2 (m,=-1/2,1/2), I=1 (m=-1,0,1)
— gives 6x6=36 possible combinations

« Pauli exclusion principle:
» 2 electrons never in same state

» Electrons indistinguishable, i.e. wave functions antisymmetric with respect of
exchange of 2 electrons

« 15 allowed combinations remaining

°@,51TlSZ:L=2,S=O - J=2 (m]= —Zl-—l‘(}“,?; - 'DJ. 5-‘—’5
[ LT, sqTs:L=0,S5=0 - ]=O(m]=0) —>‘50,5:4
e« LLLl,siMs,:L=18=1 - J=0 (m =0 53R g =1
- ]=1(m _—l‘0¢|) _).?f?‘ 6.__'3
- J=2 (m = -2 - O,l(z) -8 = 5

N\
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Combination of states

N*= 152 2s? 2p?

e “Hund rules”

E/k (K)

lSn 47033 g4=1
= -

<>
'D, 22037 g4=5

P, 188 =5

3p 70 g,=3
P,  08g=1

M. Rollig

leve

5756.2

3063.7

6549.9
6585.3

122um

V20oum

NII

The Physics and Chemist

1) higher S
2) higher L
3) lower J and shell < half-full

1
4

2
1
0

N +t . |43 eV
7
lower energies
lower energies
lower energies
higher energies

LI

shell > half-full

The S=0 states need very high excitation energy
— usually not relevant for ISM physics

— treat N* as 3-level system

Only 2 radiative transitions (J=2 — 0 forbidden)
122 ym = 2457 GHz

205 um = 1458 GHz

of the Interstellar Medium, 33



Combination of states

Other atoms with same configuration: °P , ,
e NT=0O*"*=C

E/k (K)
1S,47033 g,=1

1D, 22037 g5=5
%P, 188 g,=5
3p 70g,=3
’P; 0 g;=1

level

The Physics and Chemist

4
a
of @
el 3
vl ®
3
® 0
ol v
< @
0l 0
©| ©
122um <
1
05um 0
N II

lso 61207 g‘=l

ng 29169 83=5

%P, 441 g,=5

P, 183 g,=3
Py 0 g,=1

level

4
<+ o~
< —
© 4%
[+ ¢4
< o
= 17600
o ®
o @
© o
(o2} o
A Te}
62
24
= 0
51.81um
86 geEm |
" m
= 0
0 III
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Combination of states

O =1s5%2 sz ZPH
 Similar addition of configurations for all 4 electrons

« But: third Hund rule with “shell > half-full” applies — reverse order: 3P2,1,O

* Only S=1 states excited at moderate temperatures (below 20000K)
» Effectively 3-level system as well
- Radiative transitionsonlyJ=2 —->1andJ=1—-0

326 K 3p, g =1
l 2.060 THz = 145.53 pm
227 K 3p, g =3 £
l 4.744 THz = 63.19 ym Neat X 107 o
OK P, g=5
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Multiple electrons in one subshell

« Combination of states
. 0t =15°283p°

M. Rollig

* 1. Hund rule: higher S — lower energies

Ground state — combination of three electrons with same m; - m; = —-1,0,1
—singlestate S=3/2 L =033/ - ‘/.%/L, g=2/+1=4

Other combinations:

5 =""/ZlL '-’(‘“3_3 =1/2,32> ZPllzl 2/2
2. Hund rule: higher L — lower energies
* P above  *Dgj g
But ?D,,, already 20000K above the 4S;,  state
« No split of the 4S;, state from the 3@ Hund rule
* Minimum fine-structure transition energy 20000K — ”Dark” in the ISM

The Physics and Chemistry of the Interstellar Medium,
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Atomic spectroscopy: Summary

21 ow_
Few cases to distinguish: M Tenl

[emm - E
@'p 7 OIS
2-level systems: HI, C*, N** Hﬂ '

3-level systems: C, N*, O**, O
* 3Py, (C, N*, O**): ground-state transition has lower frequency
* 3P,40(0): ground-state transition has higher frequency

4-level systems: 13C*

2p° systems: N, O* — “Darkness”
* no fine-structure transitions excited at temperatures << 20000K
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